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A dipping contact between two homogeneous media of con­
trasting resistivities has a marked effect on the resistiv­
ity measured over the surface of the earth. Contours of 
apparent resistivity around a bipole current source located 
in the vicinity of contacts dipping at 0 , 45, 60, and 90 
degrees become progressively distorted as the dip increases. 
The effect is more pronounced near the contact itself.
The smooth contours form a high and a corresponding low 
adjacent to the surface trace of the contact. The relative 
positions of these highs and lows are reversed when the sign 
of the reflection coefficient changes. As the dip decreases, 
the contours are drawn closer together. If the source is 
located nearer to the contact, the contours come closer 
together although their general shape remains unaltered.
The resistivity distribution for intermediate dip 
angles1 can be'obtained by interpolation between those for 
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In direct current resistivity methods one is concerned 
with the measurement of the resistivity distribution in the 
earth using a current driven into the ground through galvanic 
contacts. This distribution is a function of the inhomo­
geneities in the earth.
The case of a horizontally stratified earth has been 
studied in considerable detail. The problem of dipping 
layers has received little attention to date partly because 
the mathematics are rather involved.
We are concerned here with the resistivity distribu­
tion and the behavior of the electric field in the vicinity 
of a dipping contact between two media of contrasting 
resistivities. The data are those for a bipole-dipole array.
In order to reduce the scope of the problem this 
report is concerned only with special cases of dip angles. 
However, a qualitative picture of the resistivity distri­
bution for intermediate angles may be obtained by interpola­
tion between the special angles considered.
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REVIEW OF THE LITERATURE
The problem of the interpretation of resistivity data 
over dipping faults or contacts has been approached in two 
ways. These two groups of workers have been called the 
’image school’ and the ’harmonic school’•
The Image School
Aldredge (1933) was the first to apply the method of 
electrical images to the solution of the dipping bed problem 
for point electrodes. Essentially, his approach is an 
extension of the image solutions that have been used success­
fully for a horizontally stratified earth. In adapting the 
image theory to the problem, he made assumptions which are 
not generally valid. Thus, as shown by later workers, his 
solutions are only approximations.
Unz (1953) demonstrated that the image theory is valid 
only for special cases. Image solutions are exact only when 
the dip angle is a submultiple of tt (i.e. ir/n, where n is a 
positive integer) if the underlying layer is perfectly 
insulating, or a submultiple of tt/ 2  if the underlying layer 
is a perfect conductor.
A few resistivity curves, as measured with a Wenner 
array, have been published by Aldredge, Unz and several 
others.
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It is to be noted that none of these expressions 
derived on the basis of the image theory are applicable for 
the updip side of the contact. (In this report, "updip" 
refers to the footwall and "downdip" to the hanging wall.)
The Harmonic School
Russian workers were the first' group of geophysicists 
to attack the problem rigorously. Tikhonov (19^6) obtained 
a solution to the problem by means of successive approxi­
mations. Tyurkisher (1946) extended these studies and 
showed that part of the solution reduced to an elliptic 
integral. Some approximate curves for special dip angles 
were published by Berelfkovskiy and Zubanov (1951).
This theoretical work formed the basis of studies by 
Skal'skaya (19^8) who derived a complete solution to the 
problem for all resistivity contrasts and a3.1 angles of dip. 
The approach was a modification of the procedure first used 
by Grinberg (19^0) in the solution of the corresponding 
electrostatic problem for a wedge. Skal'skaya's method 
makes use of a Fourier-Bessel type integral transformation.
Maeda (1955) solved the problem by a direct solution 
of the differential equation and obtained equations iden­
tical to those of Skal’skaya.
Chastenet de Gery and Kunetz (1956) transformed the 
general solution into a form more suitable for computations.
For a more thorough discussion which traces the
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development of the general solution to the dipping contact 




In this section I shall derive the general solution 
for the potential due to a point source of current located 
on the surface of the earth in the vicinity of a dipping 
contact between two homogeneous and isotropic media of con­
trasting resistivities, following the general approach 
outlined by Van Nostrand and Cook (1966).
Consider a point source of current of strength I 
amperes driven into the ground through electrode C (Fig. 1). 
Let the resistivity of the medium above the contact be 
and that of the lower medium be p^.
The cylindrical coordinate system (r, 0, z) is most 
appropriate for this problem. Here we let the surface trace 
of the contact be the z axis. The origin is such that z = 0 
for the point source C; the angle 0 is such that 0 = 0  for 
the earth’s surface to the right of the trace, and 0 = tt to
the left. Thus, the coordinates of the source are (rQ ,0,0).
Let the dip of the contact be a; the contact plane can
thus be denoted by 0 = a. Let the arbitrary field point P,
where we measure the potential, be (r,0 ,z).
The problem, essentially, is to find a solution to 
Laplace’s equation which, in cylindrical coordinates, is 
given by
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Updip Side Downdip Side
C(ro ,0 ,0)
Ground Surface0 = tt 0 =  0
medium 1medium 2
Figure 1. Cross-sectional view of the dipping contact zone 
showing the locations of the point source of 
current C and the field point P.
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The general solution (Van Nostrand and Cook, 1966, p. 69),
in a form useful for the problem under consideration, is
given by
CO 00
U = / cos tz dt f  [A(s,t) cosh s(tt + 0) 
o o
+ B(s,t) cosh s (tt - 0)]K. (tr)ds (2)1 s
where K^g(tr) is a modified Bessel function defined by
1
K. (u) = f  e~U cosh  ̂ cos st dt (3)
o
and A and B are arbitrary constants.
Consider the integrand M in equation (2) where 
M = A cosh s (7T + 0) + B cosh s(tt - 0) (4)
In medium 1, since the potential must be symmetrical about 
the plane 0 = 0, M must be an even function of 0. This
requires the two arbitrary constants to be equal; that is
A = B
In medium 2 the potential must be symmetrical about the 
plane 0 = tt so that no current flows across this plane.
This condition can only .be met if we discard the term 
A cosh s (tt + 0).
For a homogeneous half-space it can easily be shown 
that the potential at a distance R from a point source of 
current I in a medium of resistivity p is given by
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U = ffe (5)
We assume that the potential function is the sum of 
Ip/(2irR) and a perturbation term in the form of equation 
(2). The solution of the problem thus depends on the deter­
mination of the arbitrary constants A and B so as to satisfy 
the boundary conditions.
Thus we have, for medium 1
Ip 00 00
U, = + ^ cos tz ^ A Ccosh s ^7r +o o
+ cosh s(ir - 0)^K. (tr)ds} (6)1 s
Iand, for medium 2
Ip 00 00
U0 = — -{J + f  cos tz dt / B cosh s(tt-0)K. (tr)ds (7)
d  dt\ n  I SO O
Applying the boundary condition at 0 = a we
obtain
A[cosh s (tt+ ci) + cosh s(Tr-a)] = B cosh s(ir-a) (8)
The second boundary condition is that the normal com­
ponent of the current density must be continuous across the 
contact plane 0 = a. This is a consequence of the principle 
of conservation of charge. Thus,
(9)1 30:P1 30
1 3U2
0=d P2 30 0=a
The reciprocal distance can be expanded as
. 00 00
i = —- / cos tz dt f  cosh s (tt-0)K. (tr )K. (tr)ds (10)tt ~ d „  ̂ IS O ISTT O O
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(Van Nostrand and Cook, 1966, p. 78).
Applying the boundary condition (9) we get
00 00
—7? f  cos tz dt / s sinh (tt-oOK. (tr )K. (tr)ds 2  ̂ is o istt o o
+ / cos tz dt f  As[sinh s(7r-a)-sinh s(ir+a)]K. (tr)dsIS
h k
—  {— ~ I  cos tz dt / s sinh(Tr-a)K. (tr )K. (tr)ds P0 2 IS . O IS2 TT O O
+ / cos tz dt f  Bs sinh s(7r-a)K. (tr)ds} (11)o o ls
Defining the reflection coefficient k as
Po—Pn
k = TTTn (12)2 1
we obtain, from equation (11)
A(l+k)[sinh s (•n+a)-sinh s(7r-a)]
+ B(l-k)sinh s(ir-a) = ̂  sinh s(Tr-a)K. (tr ) (13) cL I S O1T
We then solve equations (8) and (13) simultaneously for A
and B. From (8) we get
n 2A cosh sir cosh sa ^
B  o^s'h sTi-a)  ( W
Substituting into (13) we obtain
A(l+k)cosh sir sinh sa + A(l-k) — s-h--s-7r s-a- slnh s (*-?_).cosh s(7r-a)
= ^  sinh s(7r-a)Kis(trQ ) (15)
TT
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A cosh S7r[ (1+k) sin h  sit cosh s (Tr-a) + (l - k)sinh s(7T-a)cosh sa] 
4k= — =■ sinh s(iT-a)cosh s(TT-a)K. (tr ) (16)^2 is o
A cosh S7r[(l+k) {sinh sir - sinh s(tt- 2a)}
+ (1-k) {sinh stt + sinh s(Tr-2a)}]
h\rs -5- sinh 2s(7r~a)K. (tr ) (17) <— I S OTT
A = 2k sinh 2s (ir-a)Kis ̂ tro )__  Q g ^
7 cosh sTr[sinh sir-k sinh s(7T-2a)]
Substituting into (14) we obtain
„ _ 8k cosh sa sinh s(Tr-a) Tr \
B " ̂2 rilHhTTflk -siHh s (¥-2a) ] Kis(tro } (19)
Substituting A and h into equations (6) and (7 ) we finally 
obtain
TT lPl T1 X 7 +- XI+-U., = tt—  {5- + — -̂ / cos tz dt
1 2lT R TT2 O
7  sinh 2s(^-«2cosh 30 ( J (tr)ds} (20)
sinh sir-k s m h  s(7r-2a) is o is
Ipl 1 gk 00
U2 = 2i“  {R + ~2 ; 003 tz dtTT O
00
r c o s h  sa sinh s(7T-a)cosh s (tt-0) 
x sinh stt— k sinh s(u-2a)
x K.s (tro )Kis(tr-)ds} (21)
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These last two equations are the general solutions for 
a point source of current on the ground surface near a 
dipping contact between two homogeneous and isotropic media.
These expressions are identical to those obtained by 
Skal’skaya (1948) and Maeda (1955). It is obvious that 
these integrals do not lend themselves well to computations. 
Both Skal’skaya and Maeda have demonstrated that, if the 
field points are located on the surface of the earth, these 
equations can be reduced to a simplified form provided the 
dip angles are submultiples of tt. These are the special 
eases which will be investigated in this study.
Chastenet de Gery and Kunetz (1956) showed that
00-------------- - ---------------
K. (tr )K. (tr) = f  cos Xs K (t ./r^+r^+2r r coshX)dX (22) is o is o v o oo
where K is a modified Bessel function of zero order, o
Prom equation (22) we can show that
00
/ cos tz K. (tr )K. (tr)dt is o iso
00 00
= / cos Xs f  cos tz K
o o
Gray and others (1931, p. 101) proved that 
00
i. = § / 00s tz K (tr)dt (2H)n  TT oo
Hence, .substituting (24) into (23) and noting that
R = J z2 + r 2
(t /r^+r^+2r r cosh X)dtdX (23)o v o • o
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we obtain
— / cos tz K. (tr )K. (tr)dtTT IS O ISO
oo
f cos Xs dX r-\
-  J    - —  „::      ~ (25)
°  /z^+r^+r^+2r r cosh X o o
We note here that the Integral on the left hand side of 
equation (25) aippears In equations (20) and (21) which may 
thus be rewritten as
IP 0000 , ._  1 rl + 2k j.j. sinh 2s (TT-q) cosh s0
1 2tr R tt oo sinh stt—k sinh s(TT-2a)
cos Xs ds dX} (26)Jz^+r^+r^+2r r cosh X o o
T 0 . oocott _ __1 rl , r r cosh sa sinh s(Tr-a)cosh s(tt-0)
2 2tt R tt oo sinh stt - k sinh s(Tr-2a)
C0S Xs - -   ds dX) (27)I 2 . 2
J z +ro
2+r +2r r cosh X o
Hence, these general solutions of the potential are 
now expressed In terms of elementary circular and hyper­
bolic functions only.
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THE POTENTIAL FOR SPECIAL CASES OF DIP ANGLES
In this section simplified expressions for the poten­
tial functions for special cases of the dip angle a will be 
developed from the general solutions given by equations 
(20) and (21).
The Case of a 45-degree Dip
"Consider field points on the earth’s surface only. 
Thus, cosh s0 = 1 in medium 1, and a = tt/4 . The hyperbolic 
terms in the integrand of equation (20) reduce to
^ _ sinh (3^/2 )s_________
sinh ns-k sinh tts/2
2
= 2 cosh tts/ 2 + k  -  g e o s i ^ s / g  .  k ( 2 8 )
Substituting these three terms back into equation (20) we 
get
•̂P-j q hir 00
U. = 17 {R + —  ; cos tz dt1 TT O
00 , .2x / [2 cosh + k - ---- =— —  ]K. (tr )K. (tr)ds} (29)2 0 . I S  O I So 2 cosh -k
Recalling equation (10) for the reciprocal distance,
I 00 OO
i = / cos tz dt f  cosh s (tt- 0)K. (tr )K. (tr)ds (10)R Tf2 o o is o is
and comparing this with the first integrand of equation (20)
T 1610 ih
—77 f  cos tz dt f  cosh 75—  K. (tr )K. (tr)ds2  ̂ 2 is o isvtt o o
we observe that this integrand is equal to 2k/R with 0 = tt/2
or 3tt/2. The general expression for the distance from the
field point to the source point is given by
R = /r^ + r^ + z^ - 2r r cos0 ' (30)v o o
Hence, the first integrand is equal to
2k
yi?2 + + z2
We note that the field point P(r,0,z) is located on 
the surface of the earth. Hence, the contribution of this 
first integrand to the potential function can be considered 
to be due to two electrical images of strength kl located 
at the points (ro ,ir/2,0) and (r ,3^/2 ,0).
Similarly, the second integrand is equal to
k2
v 2 + r2 + z2 + 2r_rV o o
with 0'= tt in'this case. The resulting contribution of this
term to the total potential function can thus be attributed
to an image of strength k I located at the point (r ,ir,0).
It is interesting to note here that if the second 
medium is either perfectly insulating or perfectly conduct­
ing, i.e. k = ± 1 , the third integrand vanishes and an image 
solution is adequate. For intermediate values of k, however, 
this third term may be regarded as a correction to the
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solution based solely on images.
To simplify the integral involving the third term we 
make use of the expansion
1 v , _Nn+1 -nu . , \
l (-1 ) e sin nv (31)2 cosh u + 2 cos v sin v n=l
Van Nostrand and Cook (1966) showed 'that the interior inte­
gral becomes
0 00 K. (tr )K . (tr) , 2, »
-(1-k ) / -12 <L_iS =--l=V- E (-Dn 1
O 2 cosh p. - k Sln 6 n=l
x sin(n6) f  (tr )K. (tr )e-nslr/,2ds (32)
o
where cos6 = -k/2. Employing the integral theorem
/ K. (tr )K. (tr) “nS7r/2ds is o is eo
00 K (t 7 r 2+r2+2r r cosh s) o V n n /rnr - O ’ '-/ kj ,
= 2 - f  2 ~ ~  ■ 2  - - 2- -------------------- d s  ( 3 3 )o s + n tt /4
and substituting s = ttu/ 2 the integral on the right of equa­
tion (32) is transformed to
00 K (t / r 2+r2 + 2r r cosh ttu/2)
r O V O O ,n j ----------- p-----P-----------  du
o u + n
Skal’skaya (19^8), in her paper, used another theorem 
00 ̂ \ Nn+1 n sin n6 _ tt sinh 6u t^u\
2 , 2  2 sinh irun=l n +u
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Applying this theorem, equation (32) now becomes
0 » K. (tr )K. (tr) ,, , 2 .-(1-k ) / ^ 2 --2— is  . -(1-k )
o 2 cosh 15. _ k s m  S
00 f --- ------------------ — — -
r sinh 6u v / 2, 2,n . ttUn,
■ x  fo  s i H h T u  Ko ( t  J r o + r  + 2 r or  cosh r - )du  ( 3 5 )
to
The third integral term in equation (29) finally reduces
_ 7  cos tz dt 7  -s-dn£ 5u-ir sin 0 ^ sinh iruo o
x K (t /r2+r2+2r r cosh ^i)du o v o o 2
Employing equation (24) we can integrate the above 
expression over t to obtain
k(l-k2) j- _____ sinh 6u du
sin <5
0 sinh ttu yr?+r^+z2+2r^r cosh —o o 2
The final expression for U^, in terms of elementary 
functions, is obtained by adding the effects of the source 
and its three images, and the correction term given above. 
Thus,
u = ^ i ( I + 2k ■ K2U1 2tt R
/ r^+r^+z^ J (rQ+r)2+z2





j- ______ sinh 3u du_______________ . (37)
sin 6 _ I— p p
sinh ttu / r +r +z +2r r cosh\l o o 2
We can transform the expression for Up by using a sim­
ilar approach. Considering field points on the surface of 
the earth (0 = ir) we can simplify the hyperbolic terms in 
the integrand of equation (21) to
r  s cosh stt/4 sinh 3stt/4
sinh stt - k  sinh sir/2 ^  '
Manipulating this equation we obtain
r  = 3 +  ̂ sinh^ stt/*!
2(2cosh stt/ 2 - k)
2 + 2(2cosh stt/ 2  _ k)
Again, by comparison with equation (10), the integral involv­
ing the first term on the right of equation (39) is equal to 
k
/ ? ? pr +r +z -2r ro • o
The contribution of this term to the potential function 
may be attributed to an image of strength kl located at the 
original source point C(rQ ,0,0).
Noting the similarity of the second term of equation 
(39) to the third term of equation (28) and taking into 
consideration the different factors by which they are mul­
tiplied, we may write down the correction term as
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k(l+k) J(ro ,r,z)
where J(rQ ,r,z) Is defined by equation (37).
Hence, we may now write the potential function in the 
second medium due to a point source located in the first 
medium as
The Case of a 60-degree Dip
When the angle of dip a = tt/3 we can, using the 
approach illustrated for the 45-degree case, express equa­
tions (20) and (21) or equations (26) and (27) in terms of 
elementary functions only.
Skal'skaya (1948) arrived at the following equations 
which are written here in a slightly modified form:
2 2ir 1 R
= [ (l+k) + k(l+k) J(r ,r,z)} o (40)
2k
2k(l-k) “ cosh 6u du } (41)
cosh ttu It +r +z +2r r cosh(27r/3)u
o
f
00 sinh 5u du




where cos6' = (l-k)/2 .
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Let us consider equation (4l). The first term is the 
’normal potentialT we would expect if the earth were homo­
geneous. The other terms constitute the Tperturbation 
potential’ due to the presence of the contact. The second 
term can be attributed to the contribution from two elec­
trical images of strength kl located at (r ,2ir/3,0) and 
(rQ ,4Tr/3,0) as shown in Figure 2(b). The remaining term 
is a correction to the image solution. Here, again, we 
note that if k = 1 an image solution to the problem is 
exact. If, however, k = -1 the image solution is inadequate. 
This illustrates the fact that with a perfectly conducting 
lower medium the dip angle must be a submultiple of tt/ 2  if 
the solution based on image theory is to be exact.
The Case of a Vertical Contact
For the case when a = tt/2 we can similarly simplify 
the general solution given by equations (20) and (21). When 
0 = 0  the term involving integrals in equation (20) becomes
By comparing with equations (10) and (30) this is equal to 
k
■ \AJ UU
f  f  cos tz K. (tr )K. (tr)dt ds






(a) Dip of contact = ^5°
C” (r
kl
(b) Dip of contact = 60°
Figure 2. . Electrical Images for Special Dip Angles.
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Ip
U1 " 2^  {S + " " k - } ^3)
/ ( rQ+r)2+z'
Thus the potential in the first medium is due to the com­
bined effects of the source and its image located at ( r o ,7 r ,0 )
Similarly, from equation (21) we obtain 
Ip (1+k)
U2 = 2ttR ' W
where, again, R is the distance from the field point to the 
source point.
These last two equations are identical to those obtained
by an image theory solution by Van Nostrand and Cook (1966,
p. 52-53).
The Case of Zero Dip - The Two-layer Earth
As the dip angle decreases the first medium becomes a 
thinner and thinner wedge until, when a = 0, rQ -> » and we 
have
IP -,
U '=  2 *5
which is the potential for a homogeneous earth. This solu­
tion is trivial. We are interested in studying the effects 
of a dipping layer on resistivity curves as compared to those
over the two-layer earth.
The solution of Laplace’s equation for the two-layer 
problem is well known; hence, I shall not go into it here.
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The potential function is (Keller and Frischknecht, 1966, 
p. 112)
Ipi i °° knU = [- + 2 2  :-p --.-/p] (^5)
r n=l (r+(2nh) }
where r = distance between field point and point source of 
current I on the earthTs surface 
h = thickness of first layer 
k = reflection coefficient defined by
p2-pl
P2+Pl
P1 = resistivity of first layer 
pp = resistivity of second layer.
The Inadequacy of Image Solutions
Chastenet de Gery and Kunetz (1956) reduced equation 
(26) to
Ipi ,i N kn
ui = 2?1 {l + 2 sn=1 / 2 2 2 z +r +r -2r r cos 2na o o
N-l
^ £ knsinh 2nas+k^sinh 2Nas-k^+^sinh[ 2ir-2(N+l)a]s
2/1 2n . n=l_______________________  . .... . ......
tt sinh tts - k sinh s(*ir-2a)
x cosh s0 ds I  ~ -s- —  ^ ....--..- — } (^6)
0 /z^+r^+r^+2r r coshX v o o
which is valid for arbitrary angles of dip, such that 
0<a<Tr/2, when the source is on the downdip side of the
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surface trace of the contact. N is the integer lying 
between Tr/2a and (7r/2a)-l.
It is obvious that the terms represented under the 
first summation sign are contributions to the potential 
function from electrical images of the original source 
'reflected1 from the contact plane and the air-earth inter­
face. The integral term can be regarded as a correction 
to the image solution to the problem. This term vanishes 
only when k = ±1.
The corresponding equation for the second medium is
IT = rl+k , 2k(l+k) r sinh s (Tr-2a)cosh s(tt-0) ,
2 2tt R tt o sinh sir-k sinh(7r-2a) s
x / - -cos A s- .dX — > (i,7)
0 ,/ z^+r^+r^+2r r oosh XV O  o
where 0<oK tt.
We note that this potential function cannot be expressed 
in terms of images other than one of strength kl located at 
the source point.
Further, our image solutions create imaginary poles in 
the second medium where in fact there should be none. For 
example, in Fig. 2(a) a mathematical pole is created at C ’. 
Hence, solutions in the lower medium are invalid (Van 
Nostrand and Cook, 1966).
If k - 1 the distribution of images must be such that 
they are symmetrically disposed with respect to both the
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contact plane and the air-earth boundary because no current 
must flow across either plane. All images lie on a circle 
centered at the surface trace of the contact and passing 
through the original source point. To have a finite number 
of such images with such a distribution the angle of dip 
must be a submultiple of tt.
If the lower medium is a perfect conductor the images 
must be symmetrical about the air-earth interface and anti- 
symmetrical about the contact plane in order to satisfy the 
boundary conditions that no current crosses the earthTs 
surface and that the contact plane remains at zero potential. 
For the solution to be valid the dip angle must be a sub­
multiple of tt/2 (Van Nostrand and Cook, 1966).
Hence, we are led to the conclusion, drawn previously 
by Unz (1953) and others, that image solutions for the 
dipping layer problem are complete only when the lower 
medium is either a perfect insulator and a is a submultiple 
of tt, or a perfect conductor and the dip angle is a sub­
multiple of tt/2. Even then, such image solutions are not 
valid on the updip side of the surface trace of the contact.
THE ELECTRIC FIELD COMPONENTS FOR SPECIAL CASES
We are now in a position to derive expressions for the 
electric field components at any point due to a bipole 
source of current located on the surface of the upper medium. 
We shall restrict our attention to the downdip side of the 
surface trace of the contact.
To be consistent, we shall retain our original cylin­
drical coordinate system although the angle 0 is no longer 
involved.
Source Parallel to Strike of Contact
Consider a bipole source of length L with its center 
located at (r ,0) and a field point P located at (r,z) as
shown in Fig. 3. A current I is introduced into the ground
through electrode A and returns through electrode B. The 
distance of P from A and B are denoted by R^ and R£, respec­
tively .
The potential U at P, denoted by Upp , is the differ­
ence between the potential due to electrode A and that due 
to electrode B.
The amplitude of the electric field at P in the direc­
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Figure 3. Location of source AB parallel to strike.
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The amplitude of the r-component of the electric field is 
given by
3Ur>
e = - -Jaa (i*9rp 3r ^
Since the contributions to the electric field from the
positive and negative poles have to be added vectorially,
the distances and and other distances to the images 
have been written with this in mind. We have
where the subscripts p denote a parallel source.
Source Normal to Strike of Contact
Consider a source of length L oriented normal to the 
strike of the contact plane and with its center at an offset 
distance rQ from the surface trace (Pig. *0.
In this case the amplitudes of the z- and the r- 










medium 2 medium 1
Plan z
P(r,z)
A( + I) B(-I) ■> r
— ■+<- —
Figure 4. Location of source AB normal to strike.
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where Upn is the potential at P due to the bipole. Here, 
we have
where the subscripts n denote a normal (perpendicular) source.
The Case of a 45-degree Dip
When the source is parallel to the strike of the contact 
plane the potential and the electric field components at the 




2k___________ +  k^ k2
r+r ) +(z+L/2)
, 2 N 00k(l-k ) f
sin 6
sinh 5u du
sinh ttu r^+r^+(z+L/2) ̂ +2r r cosh ttu/2o o
0 sinh ttu /r^+r^+(z-L/2)^+2r r cosh ttu/2•v O OI } (56)
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F = r(Z + ^  - (Z ~ + 2k(z+L/2)________
zp 2lr R? R? {r2+r2+( z+L/2)2}3/2lp 2p o
2k(z - fe) k2 (z + t)
+ ^{r2+r2+ (z_L/2)2}3/2 {(r+r )2+(z+L/2)2}3/2
, 2/ Lvk (z - 2)
{(r+ro )2+(z- |)2}3/2
Q  00k(l-k ) (z+L/2) y._______sinh 6u du___________________________
s ^n ^ o sinh 7ru{r2+r2+( z+L/2) 2+2rQr cosh ttu/ 2 } 3- 2
+ k(l-k2) (z-L/2) * sinh 6u du_____ .________________________ -j
s ^n<  ̂ o sinh nu{r2+r2+ (z-L/2)2+2rQr cosh ttu/2} 2
(57)
IP.. (r-r ) (r-r)




k2(r+rQ ) k2 (r+r )
{(r+r )2+(z+L/2)2}372 {(r+r )2+(z-L/2)2}3/2
k(l-k2) °° r̂+ro cos-*1 7ru/2)sinh 6u du
s^n  ̂ o sinh Tru{r2+r2+ (z+L/2) 2+2r r cosh ttu/ 2 } 3 2o o
. . 2v 00 (r+r cosh *rru/2)sinh 5u du+ k(l-k ) j ________o___________ _________________________ n
sln  ̂ o sinh Tru{r2+r2+(z-L/2)2+2rQr cosh ttu/2}^^2
(58)
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When the source is oriented normal to the strike, we have 
IP-j -| 1
Pn 2tr Rn R0In 2n
2k 2k
I (r -L/2)2+r2+z2 I (r +L/2)2+r2+z'
i O V O
1 2 ,2+ k k
/(r+rQ-L/2)2+z2 J (r+ro+L/2)2+z‘
k(l-k2) r ______ sinh 6u du
sin 6 --------
0 sinh iru / (r -L/2)2+r2+z2+2(r -L/2)r cosh ttu/ 2y O O
, k(l-k2) " sinh 6u du 1
I • If V —    1 1 ' ' " — ■! r“ /__ ' J
Sln o sinh ttu /(r +L/2) +r +z +2(r^+L/2)rcosh iru/2
(59)
IP->E = 1 [ ^zn 2tr LR3 R3
In 2n
2kz 2kz
{ ( r Q- L / 2 ) ^ + r 2+ z 2 } 3 / 2 { (rQ+L/2)2+r2+z2}3/2
k2z k2z
{(r+r -L/2)2+z 2}3/2 { (r+r +L/2) 2+z2}3//2
k(l-k2)z J  ______ sinh 5u du
s^n  ̂ o sinh TTu{(rQ-L/2) +r2+z +2(rQ-L/2)rcosh ttu/ 2 } 3^ 2
+ k(l-k2)z * ______________ sinh 6u du___________________________-j
s^n  ̂ o sinh ttu{ (ro+L/2)2+r2+z2+2(rQ+L/2)rcosh ttu/ 2 } 3^ 2
(60)
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IP.. (r-r +L/2) (r-r -L/2) 
E = ^  [•rn 2tt p 3
Rln 2n
__________2kr______________   2kr_
{(rQ-L/2)2+r2+z2}3/2 {(rQ+L/2)2+r2+z2}3/2
k^(r+r -L/2) k^(r+r +L/2)
{ (r+rQ-L/2)2+z2} ^ 2 { (r+ro+L/2)2+z2}3^2
jc(l_lc2^ 00 (r+(rQ-L/2)cosh TTu/2)slnh 5u du
s ^n ^ o sinh ttu{ (rQ—L/2)2+r2+z2+2(rQ-L/2)rcosh ttu/ 2 } ^ 2
. , 2n 00 (r+(r +L/2)cosh uu/2)sinh 6u du+ k(l~k ) y _________ o__________________________________________ j
s^n  ̂ o sinh ttu{ (rQ+L/2) 2+r2+z2+2 (rQ+L/2)rco3h iru/2}^2
(61)
In the above equations 
cos 6 = -k/2
The Case of a 60-degree Dip
If the source is oriented parallel to the strike of the 
dipping contact we have
- E i  < 1 1Pp 2. Rlp R2p
2k 2k
J r2+r2+rQr+(z+L/2)2 J r2+r2+rQr+(z-L/2) 
002k(l-k) y ____________cosh 6u du____________
2
° cosh ttu y  r2+r2+(z+L/2)2+2rQr cosh 2ttu/3 
00+ 2k(l-k) y  cosh <Su du____________________j
0 cosh ttu /r2+r2+(z-L/2)2+2r r cosh 2 ttu/3 J O  o
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F = r ( z + L / 2 '> (z-L/2)
ZP “ 2T R3 '  R3 lp 2p
2k (z+L/2)__________________ 2k(z-L/2)__
{r2+r2+rQr+(z+L/2)2}3/2 (r2+r2+rQr+(z-L/2)2 } 3/ 2
2k(l-k) (z+L/2) * _____________ cosh 6u du_____________________
/3-k o cosh Tru{r2+r2+ (z+L/2) 2+2rQr cosh 2uu/3}^
+ 2k(l-k) (z-L/2) " _____________ cosh 6u du____________________ -j
/3-k o cosh 7ru{r2+r2+(z-L/2) 2+2rQr cosh 2ttu/3}^
(63)
IP, (r-r ) (r-r )1 r O OE
211 r ? r 3lp 2p
k(2r+r ) k(2r+r )
{r2+r2+r r+(z+L/2)2}3^2 {r2+r2+r r+(z-L/2)2}3/̂ 2
2k(l-k) °° (r+ro cos^ (2Tr/3)u)cosh 6u du
/3-k o cosh Tru{r2+r2+(z+L/2)2+2r r cosh 2ttu/3} ^ 2
1 \ 00 (r+r cosh(2tt/3)u)cosh 6u du+  ̂ t f   2_____________________________________ ]
/3-k o cosh 7ru{r2+r2+(z-L/2)2+2rQr cosh(2Tr/3)u} ^ 2
(64)
Similarly, the corresponding equations when the source is 
normal to the strike are
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2k(dL-k) * _____   cosh 6u du
0 cosh ttu /(r -L/2)2+r2+z2+2(r -L/2)r cosh(27r/3)u 
4 o o
+ 2k(l-k) J  cosh 6u du_________________________ j
0 cosh ttu /(ro+L/2)2+r2+z2+2(ro+L/2)r cosh(27r/3)u
(65)






2k(l-k)z j  _______________ cosh 6u du
/3-k o cosh 7Tu{(r -L/2)2+r2+z2+2(r -L/2)r cosh(2tt/3)uP//2
+ 2k(l-k)z j   cosh 6u du
/3-k 0 cosh ttu{ (r^+L/2) 2+r2+z2+2(rQ+L/2)r cosh(27r/3)u}^//2
(66)
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jp (r-r +L/2) (r-r -L/2) 
r? - __±_ r _______ _  O______





2k(l-k) °° (r+(ro-L/2)cosh(2Tr/3)u) cosh <5u du
" —  . f p p p ! pTp/3-k o cosh ttu{ (r -L/2) +r +z +2(rQ-L/2)r cosh( 2tt/3)u }
2k(i_k) 00 (r+(ro+L/2)cosh(2Tr/3)u)cosh 6u du
/3-k o cosh 7ru{(rQ+L/2)2+r +z2+2(rQ+L/2)r cosh(2tt/3)u}3^2
(67)
In this case
cos 6. = (l-k)/2
The Case of a Vertical Contact
The potential and electric field components when the 





PP 2* Rlp R2p
k k
J ( r + r  )2+ (z+L/2)2 / (r+r )2+ (z-L/2)2
(68)
IP1 r(z+L/2) (z-L/2)[•zp 2tt l r3 r3
E
lp “2p
.  k (z+L/2)_______ _ ____ k (z—L/2)________  (/cjn'N+ 5 -D/p “ ! p p p/p-I ){(r+rQ ) + (z+L/2)3 {(r+rQ ) +(z-L/2) }
JPl r(r-ro } (r"ro )
rp 2tr L 3 r3
lp 2p
k(r+r ) k(r+r )
{(r+rQ )2+(z+L/2)2}3/2 {(r+rQ )+(z-L/2)2}3/2^
The corresponding equations when the source is oriented 
normal to the strike are 
iP-i 1 t
Up„ = { 1 1
Pn 211 Rln R 2n
k . k
J (r+rQ-L/2)2+z 2 J ( r+ro+L/2)2+z2
(71)
E = [ zzn 2ir L„3 n3 
In 2n
. _______ kz_________   kz__________ I r7o-i
’ {(r+r -L/2)2+z 2}3/2 {(r+r +L/2)2+z2}3/2
T 1610 37
(r-r +L/2) (r-r -L/2)
+ k(r+ro-L/2) k(r+r +L/2)2, 2i3/2] (73){(r+rQ-L/2)2+z2}2.-213/2 {(r+r +L/2)2+z2} o
The Two-layer Earth
For the limiting case of two* horizontal layers the 
orientation of the source is unimportant because there is 
four-fold symmetry about the center of the source bipole.
Let the source AB be oriented along the r-axis (Fig. 5). 
From the figure,
The potential and electric field components can thus be 
expressed as
( 7 > i )








Figure 5. Location of a field point P(r,z) with respect 
to a source AB for the two-layer case.
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E = r2 z_
z 2lr R 3 R3
o° , n
+ 2z r K
n=l {(r+L/2)2+z2+(2nh)2}3//2
n
— 2z £ 5 p 2 2/2^n=l {(r-L/2) + z + ( 2 n h ) }
tt = IHl r (r+L/2) __ (r-L/2) 
r 2tt p 3 R3
1 2
°° lrn+ 2(r+L/2) J --------- 5— 5------5-070
n=l {(r+L/2) +z+(2nh) }
" . n
-  2 ( r - L / 2 )  S K
n=l {(r-L/2)2+z2+(2nh)2}3/2
( 7 7 )




The Concept of Apparent Resistivity
To facilitate comparisons, data obtained in electrical 
prospecting are normalized and expressed in terms of apparent 
resistivity.
The apparent resistivity pa is defined as the product of 
the geometric factor calculated for a homogeneous medium and 
the ratio of the voltage (or the voltage gradient, which is 
more convenient for our purposes) to the current actually 
measured in an inhomogeneous environment. Thus
Pa - Kg f (79)
where K = geometric factor 
E = electric field 
I = current.
Conversion of Electric Field Data to Apparent Resistivity 
Consider an arbitrary field point P located at dis­
tances of R^ and R^ from a positive and a negative current 
source as shown in Fig. 6. -*
The amplitude of the electric field E^ at P due to
-►








Figure 6. The electric field components at a point P due 
to a current source AB.
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where p is the resistivity of the homogeneous medium. Sim-




The total field ET is given by the vector sum of E^ and E^. 
Its amplitude is
P P 1/2Et = (E^ + E^ - ^E-^cos 6)
d t l -̂1 ^ R-. 2 1/2
= § §  ip [1 + (pi) - 2(=i) , COS 6] (82)
2* R 2 2 2
Hence, the apparent resistivity is given by
2 R, 4 R-, 2 _i/2 E„
pa »,2irR2[l + (pi) - 2(^i) 00s 6] ji (83)
If the z- and the r-component of the electric field are
measured, then
2 P 1/2ET = (E^ + e £) (84)
The electric field components given in the previous 
chapter can be generalized as
E z = — h  ' Kz (85)z 2irL z
and
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IplE = — ij • K (86)
r 2ttL r
pwhere 1/L has been factored out of the original expressions 
to make the geometric factors Kz and dimensionless. Hence,
iP-i 2 2 1/2et = ( k ;  + k;) (87)
1 2ttL Z r
Substituting this into equation (83) we have
Pa R-. 4 R-, 2 -1/2 2 2 1/2 _r  8 4  Cl + ( A  - 2 (pi) cos 6] ( k 2+ K )  (88)P1 L2 R2 R2 Z r
where the apparent resistivity, normalized to the resistivity
of the upper medium, is expressed solely in terms of the
geometry of the electrode configuration.
Noting that
2 2 2 FC + FC - L
cos <S = ---- pR r----  (89)
we may write (88) as
P„ R? R, 4 R-. Rn 2 T 2 -1/2-a - 1 [1 + (_i) - (_i) {1 + (-1) _(k_) }]
1 L 2 2 2
? ? 1/2X [K2 + K2] (90)X
This is the equation which will be used in calculating the 
normalized apparent resistivities in the vicinity of a 
dipping contact.
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Apparent Resistivity of the Second Medium When the Contact 
is Vertical
In the case of a vertical contact we recall that the 
potential on the surface of the second medium due to a point 
source in the first medium is given by
IPiCl+k)
U2 “ -2 V R -  ^
Consider an arbitrary orientation of the source bipole in 




IPl(l+k) ,E, = — --- (92)
2irR̂
Hence, it is obvious that on the surface of the second medium 
Pa
r r  - 1 + k (93)P1
Therefore, whatever the orientation of the source, the normal­
ized apparent resistivity in the second medium is independent 
of coordinates and has a constant value depending only on the 
reflection coefficient. This value can only vary between 
zero and two.







A(+I)medium 2 medium 1
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Figure J . The electric field components in the second 




Normalization of Electric Fields and Apparent Resistivities
For the purpose of drawing contour.maps of the various
electric field components, the quantities given in equations
(57) through (78) (excluding those not involving electric
field components) have been normalized by dividing both
2sides of the equations by Ip^/(2TrL ) to make the expressions 
dimensionless. The distances are expressed in terms of the 
source length L. This is accomplished by setting L equal to 
one unit. Further, the absolute values of these normalized 
electric fields are plotted since any change in sign merely 
indicates a change in the direction of the components.
In the case of apparent resistivity maps, equation (90) 
is utilized, with L = 1.
Convergence
When the angle of dip is 45 degrees we have a correction 
term expressed as an integral of hyperbolic functions (equa­
tions (57) through (6l)). In this case cos 5 = -k/2. Hence
When u = 0, J (defined by equation (37)) becomes inde­





1 6 (95)sin 6 I 2 2 2tt / r +r +z +2r r v o  o
Convergence of the integral is not a problem for the 
z-component of the electric field. For the r-component, 
however, convergence may be slow for large values of k. The
r = 0, i.e. when the field point is on the trace of the con­
tact. This.is avoided by making r small but not equal to 
zero.
When the angle of dip is 60 degrees we defined cos 6 as 
(l-k)/2. Hence,
The convergence properties of the integral are similar to 
those for the ^5-degree case. Again, the integral converges 
rapidly for the z-component of the electric field, but con­
verges a bit more slowly for large values of k for the r- 
component. When r = 0 the integrand diverges for positive 
reflection coefficients. This difficulty is avoided by 
taking r as 0.01 to approximate for r = 0 for the purposes 
of this study. In this case, and for all larger values of 
r, the integrand decreases to less than 1% of its initial 
peak value for u < 5. A sampling interval of 0.1 Is more 
than adequate for numerical integration using Simpson’s rule 
because the functions decrease smoothly.
integral diverges for positive reflection coefficients if
0 < 6 < tt/2 (96)
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For all cases above, convergence Improves for smaller 
values of the reflection coefficient.
In the case of the two-layer earth, the Infinite series 
converges rapidly if k < 1. Usually 10 or 20 terms are suf­
ficient for the errors to be less than a few percent. If 
k =? 1 the series converges rather slowly. However, in our 
study, we are interested only in the field points in the 
immediate vicinity of the source. Consequently, we consider 
r <_ 3 and z <_ 3 and sufficient convergence can be achieved by 
using 20 terms. It was found that the maximum error is less 
than 3% in the vicinity of the source.
Contour Maps of Electric Field Components
The electric field components normal and parallel to 
the source length in the vicinity of a bipole source located 
over a homogeneous earth are shown in Figs. 8 and 9, which 
are contour maps for one quadrant only since there is four­
fold symmetry. The source point is a singularity in both 
cases. The component of the electric field normal to the
source length is zero along both axes of symmetry.
The general shapes of the contours remain unchanged if 
we have a two-layer eart.h instead. However, when the beds 
are dipping these contours are distorted, especially in the 
immediate vicinity of the contact.
Some representative contour maps of the electric field
components are given in Appendix A. The locations of the
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contours for different angles of dip are not very much 
different. Hence, contour maps of electric field components, 
as such, are not diagnostic in the estimation of the dip 
angle. This is because the strength of the electric field 
is primarily a function of the distance from the electrodes.
Resistivity Distribution Around the Source
For the two-layer earth, the apparent resistivity 
increases away from the electrodes for positive reflection 
coefficients and decreases away from the electrodes for 
negative coefficients. The contours are smooth. They form 
a low near (and along the axis of) the bipole source for 
positive reflection coefficients and a high for negative 
coefficients. The contours draw closer together as the 
absolute value of the reflection coefficient becomes larger. 
These maps, of which only one quadrant has been drawn, are 
included in Appendix B.
When the contact is inclined or vertical and the bi­
pole source is oriented parallel to the strike, the smooth 
contours form a high and a corresponding low adjacent to 
the surface trace of the contact, as illustrated by Fig. 10 
which is for the case when k = 1 and a = 90°. The positions 
of the highs and lows are reversed when the reflection coef­
ficient is negative (Fig. 11). When the source is oriented 
normal to t h e  strike we also have corresponding highs and 
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As the absolute value of k increases the contours become 
more closely spaced. Some representative resistivity maps 
are given in Appendix B.
The effect of dip, for both positive and negative reflec­
tion coefficients, is to draw the contours closer together 
as the angle of dip decreases. This means that as the meas­
uring electrodes move away from the source electrodes the 
measured apparent resistivities increases or decreases more 
rapidly as the dip decreases. These results are in agreement 
with what we would expect intuitively in view of the fact 
that as the distance between the source and measuring elec­
trodes become larger, we sample deeper and deeper parts of 
the earth.
The offset distance of the source from the surface 
trace of the contact plane does not affect the general shape 
of the contours. The nearer the source electrodes are to 
the surface trace, the closer the contours draw together for 
both positive and negative reflection coefficients and for 
both orientations of the source. This is because the closer 
the source electrodes are to the contact the more pronounced 
is the effect of the contact on the measured resistivities.
In all cases, the contour for p_/pn - 1 passes throughci X
the source points.
These descriptions above are generalizations. For more 
details the reader is referred to selected contour maps 
included in Appendix B.
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CONCLUSIONS AND RECOMMENDATIONS •
The presence of an inclined or vertical contact has a 
very appreciable effect on the resistivity distribution 
measured over the surface of the earth. As the angle of dip 
increases the contours are progressively distorted. Hence, 
the effect of dip is, in general, rather predictable and the 
resistivity distribution for intermediate dip angles can be 
interpolated from those obtained for special cases.
These contour maps would be useful in electrical pros­
pecting using dipole mapping techniques. When the dip is 
known, comparison of field data with these theoretical maps 
enables the interpreter to make a good guess as to the 
resistivity contrasts. If the dip is unknown then its mag­
nitude may be estimated by comparison with these theoretical 
maps.
Practical situations in which these maps may be of use 
are dipole mapping surveys
(a) near the edge of a sedimentary basin in which case 
the contact is that between the intrusive and the sedimentary 
rocks
(b) over pediments at the base of highland slopes, and
(c) for simple dipping layer problems.
T 1610 5 6
For further study it is suggested that similar maps be 
prepared for other special angles of dip so as to facilitate 
easier and more precise interpretation.
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APPENDIX A
This appendix contains a set of maps showing the mag­
nitudes of two orthogonal electric field components for 
different angles of dip. Only two quadrants are drawn 
because the contours are symmetric about the axis perpen­
dicular to the strike of the contact. For the two-layer 
case only one quadrant is given because of the four-fold 
symmetry.
The heavy line on the left is the surface trace of the 
contact. The location of the source is indicated by a 
short heavy line terminated by black dots at the actual 
locations of the electrodes. The z-axis is up and the r- 
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APPENDIX B
This appendix contains a set of resistivity maps for 
two orientations of the source and for different angles of 
dip. It includes maps showing the effect of increasing the 
distance between the source and the contact. Only one quad­
rant is shown for the two-layer case because of the four­
fold symmetry and only two quadrants are given for the other 
cases because of the bilateral symmetry.
The heavy line on the left edge represents the surface 
trace of the contact. The two dots, joined by a heavy line, 
are the positions of the source electrodes. When the source 
is parallel to the strike, only half the source length is 
shown, because of symmetry.
In the captions, MR0" refers to the offset distance, 
expressed in terms of the source length L, of the center of 
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■o ĉ . rv.
• • »
e; c:j
Cl lA 6a o
<o r^ rv
• «* m •
ca *sa ca
C2 r-






in >4J rv• ^ *■ *> •




in o•> • •
6* 6- ca
V ^ a in rvfO sj- % in *o» n m *
6a 6i
N 64 sr no
cm NT tr. n• * • •
<-4 ;*% Cv









O O ca• • *
■H rl rl
O'*






















































































b- l*_ U> O- 0C
tn I J U'»—•o  c.t U t >-
</5 o w o on
LU u i  r r
cr z K-
o Ci l*J
i— ta to :/>
2 #-■ NO u.
ut u> la.
JC Ui II -J O«-< o
n u. Q_ a r >
cr ill •—«
<  CTC O *0 <(
H O N in to CM rl
CM ri rl rl ri ri rf
•» • • m. *. • •
H ri rl rl. ri rl
O rv in to CM ,—  Cv
r| ri ri ri ri • ri > iSt.w • ■ « • m •
rf ri rl ri ri rl
CO O » ri C-'j > y  o curf ri rl rf r * # r CS
m • • • •
H rf ri ri ri T*C
N V CM ' c« K
ri ri T-i rr'jff iS S'
* • • • •• •
T-l rl* rl ff\ ri rl rl
o ro rf JW  O* N *0 M
H ri ’ ri ^ f cs> SS CS 2ii
w • • f f * • m •
ri ri
m
rl rl rf ri
IA CM M % pv O Mr ro
ri ri CS CS <S)
•» • f f  m ■ «• ■ «» • •
ri rl f f  rl ri ri rl rl
TT rl if CO < 3 ■NT ro CM
ri H  fl ta Si Si C*
• * fm • • * •
rf H  3 rl rl rl rl rf
to (:: 3 N in to CM rl
ri 22 Si
• • • • •
ri rl rl rl rl rl
FO M> M* C M rl -
rf g i ca cS C M
« jjf • * 'm m
H Mri rl ri ri ri
CM gtx> at CM rf O'
ri B n is o
• H  * • • » .w • •






















V "A U N
CS.̂k H °
k H  % Mi*
o

































rl . rl rl
M~ in
Si ca«» m *
rl rf ri
to ro to
Si ca Si• . • w
rl rl rl
CM <\i CM

































































































































*- •-*►—* O < IV•—* »r
•-« U Oj ’-t O
K L*_ u; a <r
CO Ui»_ O ir uj >~
to O 0  0 cn
Iv* U j ir
{ y z rri 3 1—
O 0 Ul
V— la 10 CO
2 »“ 'O u
tv) CJ ui ua' IU 11 _J 0•x. ■..,* 0a U a. a 0c~ iaJ -T




















CS• 3 my-> f-i
LA B
a  ^
ri H  rt
ir. ftr ^CJ | CM• M •
f-t B rl
u 1 " r)
LA 'A •tali' %Tifsi f
H H r-t LO ri
L'.ib 0-
■vT
Cl 0 O ’CSs
• • » •— •
t-l t-i ri
fO fO fO
ca fc\* 0 SI» • 9
ri T-l rl ri
CM CO fO to
VTl ea cs* SI
9 9 • •
rl ri *-4 ri
CM CM CM CM
CSS cs: CM• 9 9 9
rl rl H H
rl rl rl CM
6i ta O• • m r
ri TJ T-i ri
rl ri rl ri£2 S3 (55• 9 • •
rl rl rl ri
LS ca ri riC3 Si CS
9 • » •
ri T"l rl ri
G CS ts ca
«u CM CM CM
9 9 9









552 ra• • •
.-i ri r4
tS ir4








Cs' CS* tSl• 9 *
ri ri t*4
CM tA T>









rl ri • tS
ri rl in
CM ro tof>
ri vi % ft
cs
K>















































































• M  •
STO 3  ri
1> B
c* 3  i














































































































IT O  I
CD o'
fij
CN <;v̂ P < >• •



















est1— _ l »
z U i  CM
>• U : _i
f-* •—• _1
O < it
J> r—« c r
*—*u t o 0
t— U u i CL CL
f/i U i u J
►-* O cr U i >•
C/3 O  CD O CJ
l i l U i cc
*.r U 0  ID H
O O U l
t - (Si m  00
z >- u .
w» O u> u
cr: IS - J 0
_J 0
c t^ .  a . a 0
a . ; #
-T cr: O  fi£ <r
Vi', Jr  0 O













0 O ' O '
• • •
'Si 0 <s>
«XJ O ' 0
O ' 0 O '
m • V
c a C d <Si




0 + ; f rl
O ' j j r (Si• • •
°  AW  H
r f





r C D SS O
• • •
T-l r l r l
c\j r o LA
c d
• • •
■" rl • vl r<
LTV ̂ ^  0 to CO rv
c m CSi CD c*
• • • r • m
sT-i rl rl rl rl rl
0 CO CS2 C?: rl *s>
C2 ‘<52 rl ▼ 1 rl rl
• • « • • •
rl rl rl rl rl rl
O C* CXI (*> 'T 't
<52 £2 rl rl rf rl
« • » * • •
rl ?! rl rl rl rl
l trv O CV in fv
k  5 CM "rl rl rl rl
• . y * • » * m
\ %l rl H rl r l
Cv ̂ ^ IT. O' f'O vC r̂-
rl rl rl
• • • •
. rl rl fl rl

































C r / ^ few ^•
rl rl
O r- xi  v
r~i rf
CJ
rf rl f ̂



















to ro roO' O' O' 0 *
m • • •
CM (S>
m iO vTO' O' O'• » »
J*- ' CD
•0 in
O' O' ^aa&s*• r «
CSJ CM til r2
rv fv 'O 0
0 O' O* O'« r •
Si Gt Si Gt
O) to rv rv
O' O' O' 0•» m » •
(SI CM 0 CM
0 to tr> CO
0 O' O' O'<» •» • #
St e.2 0
0 O' O' O'
O' O' O O'• • m V
C5 GS CM St
(Si O' 0 O'O 0 0 O'• • • •
rt CD 02 0
n CD CM O'CM 02 Cal O'• m •
rl r l «l CM






























































G w • 1 CM ro to ro CO
o O' o O O O' O' O'
CS CS <s CS t j If) <a cs o
1—1 CM CO ro o CD m- lO USO' O' o O' O' « O'
*■ F T  ~cs « C-3 IS
CVJ to M" V sS O vOO' O' O' O' J&r O' O' O'
CS is CS CS <S1 IS) cs
K» tA o  rv rv «"
*> O' r  o' O' O' »> ov
CS CS ca :s cs IS cs
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